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In order to understand the mechanism that gives rise to superconductivity in the ceramic superconductors of the type
Ba,K,_,BiO;, we analyze the thermodynamic properties with the use of the Eliashberg equations. For these calculations we used
the electron-phonon spectral density function a?(w)F(w), calculated by Shirai et al. [1] from first principles for two different

K concentrations, x=0.5 and x=0.7.

1. Introduction

The recent discovery of superconductivity near 30
K in Bi,K,_,BiO; (BKBO) [2,3] provides a new
opportunity to examine the pairing mechanism in
perovskite superconductors. The compound BKBO
has engendered much interest because it is the first
oxide superconductor without Cu that has a transi-
tion temperature, 7., above that of the best inter-
metallic superconductor. Another feature of this sys-
tem is that the structure is three-dimensional [3,4],
with the important Bi~-O bonds forming a cubic net-
work, which excludes any analog of the two-dimen-
sional Cu-O planes believed to be responsible for su-
perconductivity in  the  copper-oxide-based
superconductors.

Measurements of the oxygen isotope content in
BKBO have led to conflicting results, indicating
either a phonon [5] or a non-phonon [6] mediated
pairing mechanism. In this high-T, oxide a magnetic
interaction is not expected to be the cause of super-
conductivity [6]. Therefore, it is important to make
an investigation of the superconductivity in BKBO
on the basis of the conventional electron—phonon
pairing.
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In order to test if phonons could be responsible for
the high transition temperature in BKBO, we make
an analysis of the thermodynamic properties using
the Eliashberg theory of superconductivity [7] and
the Eliashberg function, a?(w)F(w), obtained by
Shirai et al. [1] calculated from first principles, in
which they are assuming that F(w) represents only
the phonon density of states of the crystalline
structure.

In fig. 1 we present three different Eliashberg func-
tions, o (w) F(w), for BKBO, with different K con-
centrations. Notice how the spectral weight at 42 meV
and at 62 meV is changing for the different K con-
centrations. In other words this means that the main
peak of the different o> (w)F (w) curves is localized
each time closer to the maximum of the functional
derivative [8-11] of T, with respect to o*(w) F(w),
3T./8(a*(w)F(w)), which should result in the op-
timum critical temperature, as we will see later. Ac-
cording to the criterion given by the functional de-
rivative of 7., we deduce that the maximum
transition temperature is still a little far away from
the optimum for this compound. Experimentally, this
problem may be related to the chemical difficulties
found when introducing the correct amount of po-
tassium into the structure, or due to the structural
instability found at the maximum 7, by Pei et al.
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Fig. 1. The electron-phonon spectral density o?(w)F (w) for
Ba,K, _,BiO; calculated by Shirai et al. [1] for three different K
concentrations.

[12] in their structural phase characterization of
BKBO.

The functional derivative 87,/8(a*(w)F(w)) has
the following physical meaning. If a?(w)F(w) is
changed by a small amount A(a?(w)F(w)), the re-
sulting change of the transition temperature is given
by

8T,

Sa(@) Fay) (@ @FE@D- (1)

AT,= fdw
0

The functional derivative of 7, with respect to
o?(w)F(w) has been calculated by Bergmann and
Rainer [8] for several superconductors. Their main
conclusions are: the functional derivative is insen-
sitive to the difference in shapes of the correspond-
ing o (w)F(w) spectra, it starts linearly at the or-
igin, has a maximum slightly above w=2nT,, and
then decreases monotonically. Bergmann and Rainer
[8] have also given an analytic proof that 87,/
3(a?(w)F(w)) is always positive and is linear in w
at small frequencies.

In section 2 we give some necessary theoretical de-
tails. In section 3 we present our numerical results
and discussion, and in section 4 we provide a short
conclusion.

2. Theoretical background

The superconducting properties of a material with
phonon-mediated pairing can be calculated at any
finite temperature 7 from its spectral function
o?(w)F(w) and Coulomb potential parameter u*
by solving the Eliashberg equations. These equations
which are conveniently written on the imaginary fre-
quency axis and so involve the Matsubara frequen-
cies iw,=1(2n+1)rT, n=0, 1, 12, .., have the
form [13,14]

A(iw,)=nT Y. (A(m—n)—pu*)

A(iw,,)
X E o) +3 (o) 17 2)
and
a(iw,)=w,, +xT Y, A(m—n)
o (iw,,)
X G+ @ (a7 50
Here
Am—n)=2 wa?(w)F(w) dw 4)

) 0+ (W, —wm)*

For n=m, A(m—n) is equal to the electron-phonon
mass enhancement parameter

1=2 J aX(w)F(w) do 5)
! w

Inegs. (2) and (3), 4(iw,) is the Matsubara pair-
ing energy function and @(iw,) is the renormalized
frequency.

In addition to a knowledge of the solutions of the
Eliashberg equations, we require an expression for
the free-energy density difference between the nor-
mal and superconducting states, AF. This is given by
the formula [9,15]
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AF=2aN(0)T %} [2 {[A_z(ia),,)
n>0

+6%(iw,) ]'* - o(iw,)

A (iw,) }
T 2[ A2 (iw,) + @2 (iw,) ]2

- [d)(lwn) —-cb"(lw,,)]

& (iw,)
x(mnmn+m%mnrﬂ‘0] )

Here N(0) is the single-spin electronic density of
states at the Fermi surface. The @¢°(iw,) in eq. (6)
is the normal-state value of the renormalized fre-
quency. Also y(0) is the Sommerfeld constant, which
is given by

7(0)=3m’kEN(0) (1+4), (7)

where kg is the Boltzmann constant.
The critical magnetic field H.(T) is given by

H%*(T)/8r=|AF]. (8)
The deviation function, D(t), is given by
D(t)=H(T)/H.(0) - (1-1?), (%)

where t=T/T.. The specific heat jump follows from
the second derivative of the free energy according to

AC= —T&AF/dT">. (10)

The low temperature energy gap at the gap edge
can be obtained by analytically continuing the im-
aginary axis solution [4(iw, ), 4(iw,), ...] to real fre-
quencies and then solving the equation

4o(T)=Re [T, w=4y(T)]. (11)

The N-point Padé approximant method proposed
by Vidberg and Serene [16] for T<< T is used for
the numerical analytic continuation. In this way one
can calculate the zero temperature energy gap, 4,.

3. Numerical results and discussion

For calculation of the thermodynamic properties
of the oxide superconductor BKBO, we have used
two different a?(w)F(w) spectra (fig. 1), for con-
centrations of x=0.5 and x=0.7 (T.=30 K). These

spectra were obtained by Shirai et al. [1] using a tight
binding fit to the electronic band structure. We have
fitted 4* (w.=375 meV) with the maximum exper-
imental critical temperature for x=0.7 (T.=30 K,
Cava et al. [3]) and for x=0.5 with the critical tem-
perature 7,=15.6 K obtained by Hinks et al. [4]. In
table I and table II we list several thermodynamic
properties calculated from the two a?(w)F(w)
spectra of BKBO and from an a?(w)F(w) of Al5
Nb-Ge (strong-coupled superconductor, 7,=20.09
K). Our results for Nb—Ge are the same as those cal-
culated by Mitrovi¢ et al. [17] for the same sample,
and we include them only for comparison.

The thermodynamic results presented in table I and
table II are based on numerical solutions of eqs. (2)
and (3), with the solutions used to evaluate the free
energy difference AF. To calculate AF it is necessary
to know N(0), the single-spin density of electronic
states at the Fermi surface. For this calculation we
fitted N(0) to the measured [18] y=1.5 ml]/
(mol K?2) using eq. (7). We obtain N(0)=0.14
states/eV for x=0.7 and N(0)=0.21 states/eV for
x=0.5 in reasonable agreement with the values ob-
tained using a band-structure calculation [19]. It is
worth mentioning that recent specific heat measure-
ments reveal a value for the Sommerfeld constant
y=0.3 mJ/(mol K2) [20]. Using this y value and
the N(0)=0.23 states/(eV spin cell) given by
Mattheiss et al. [19] to estimate A, we obtain
A=~0.7, which is an unphysical value. Thus we used
the earlier y=1.5 mJ/(mol K?) in our calculations.
However, more experimental work seems to be nec-
essary to prove the correct value for y.

The specific heat difference between the normal
and superconducting states, AC, can be calculated
from eq. (10). For x=0.7 the value for AC/T_ is 2.82
mJ/(mol-K?) in good agreement with experimental
data by Batloggetal. [6], AC/T.=2.2 mJ/(mol-K?).

We calculated the reduced isotope effect
(Tooc M=) for x=0.7 (u*=0.12, A=1.18) using the
Garland relation [21],

a=4{1—[p*/(A*—p*)]?}. (12)

Here A*=1/(1+4). Our result is a=0.45, close to
the so-called BCS value (a=0.5 for a single com-
ponent system) [22]. Our results are also close to
the experimental isotope effect determined by Hinks
etal. [5] (a=0.41F0.03), but disagree with the ex-
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perimental value given by Batlogg et al. [6]

§ o (a.=0.21 ). This 1$ an .important question that ex-
B S 3 perimentally is convenient to test.
< | E 1SS Our calculated values of the electron—phonon cou-
§ - o pling parameter A, using eq. (5) and the a*(w)F(w)
T F § for several K concentrations, are: 1=0.24 (x=0.3),
) é ol - A=0.54 (x=0.5) and A1=1.18 (x=0.7). These val-
8 ues are the same as those already calculated by Shirai
E! TEY etal. [1]. The values of A mentioned before indicate
- —_ X X % that as the K concentration decreases, the coupling
< 5 % 229 strength increases somewhat faster.
S| e Sz3g To study the relative influence on the transition
_‘_i temperature of different frequency parts of
2 g o?(w)F(w), we calculate the functional derivative,
2 8 3T,./8(a(w)F(w)), for the two BKBO Eliashberg
E’ ~8 £ functions mentioned previously. This functional de-
E % g % § E § rivative also shows a maximum at approximately
5 w=38kyT,. This means that the frequencies which are
§ o more important for enhancing 7 are precisely those
g % in the maximum of the curve. From fig. 2 we observe
g g - that the curve has a sharper maximum for the sam-
S _E =g ple with the lowest 7.. This maximum becomes
8 broader as T increases. In general, the maximum is
é . % .- sh.arp .for weak coupling anq gets broader as the cou-
2 §E S pling increases. The same is shown by the Nb-Ge
; strong coupling system, studied in detail by Baquero
g - - et al. [23], which we have used for comparison with
E o 8 PN our results. We can also see from fig. 2 that coupling
3 s oo strength (size of A) increases as the height of the
% - functional derivative curve decreases.
T| oF $as In fig. 3 we plot the calculated critical-field devia-
° Al e tion function, D(t), as a function of 12=(T/T.)?,
E ~ for the two BKBO concentrations and Nb-Ge. Ac-
,;_, 3 g ~ g cording to the empirical rule that relates the shape
Tl %R S oo of D(¢) to the electron—phonon coupling parameter
?_,3 <o A, for A< 1 D(t) is negative, for A>1 D(¢) is posi-
E e ) o2 tive, and for =1 D(¢) has an S shape. We see that
s = - for x=0.7 the coupling is strong and for x=0.5 the
g Ten coupling is weak (BCS behavior).
g1 ~ S~ = Our calculated value for the energy gap, 4, is 5.3
g - meV (x=0.7), very close to the values of 4.5 to 5.0
2z % a2 X meV obtained by optical measurements [24] and in
5| = E =r= reasonable agreement with tunneling spectroscopy
9 g ° measurements [25] which give 4o=6.5 meV. The
e E 5 339 values of the ratios 24o/kp T, Y( T/ H.(0))? and AC/
£ 3 %% iz yT,, where H.(0) is the thermodynamic critical field

at temperature 7=0 K and 4C the jump in specific
heat at T, for x=0.7, give indications of the strong
coupling limit.
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Table IT

Comparison of some parameters calculated for BKBO with the values calculated for Nb—Ge and the values given by the BCS theory.

409

24, T, [dﬂc(r)] [ T2 ] AC
Ko, TH.L ar . Y[HAo) yT.
BKBO
x=0.5 3.68 1.71 0.158 1.45
x=0.7 415 1.83 0.141 1.85
Nb-Ge 4.63 2.08 0.132 2.57
BCS 3.53 1.74 0.168 1.43
05 — : 002 ,
x %y
* *
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Fig. 2. Calculated values for the functional derivative of 7, with
respect to a*(w)F(w), 6T./6(a?*(w)F(w)), for Ba,K,_,BiO,
with x=0.5 (—) and x=0.7 (---), compared to Nb-Ge (#*=*).

Leavens and Carbotte [26] have shown that for
many strong coupling superconductors (1.2<1>2.4,
and 0.10< u*<0.15) there is a simple relation be-
tween T, and A4, where

A= jaz(w)F(w) dw,
0

namely:

ks T, ~0.1477A. (13)

Using this relation to calculate 7, from the value of
A for the o (w) F(w) with x=0.7 (note that u* falls
in the right interval for the applicability of formula

Fig. 3. Calculated values of D(¢) for Ba,K,_,BiO;, with x=0.5
(—) and x=0.7 (---). For comparison we also show the results
for Nb-Ge (#xx).

(13) and A falls just below the appropriate range),
we obtain T,=31 K, in good agreement with the ex-
perimental value of 30 K.

4. Conclusions

The relevant results for this paper can be sum-
marized in the following two points:

1) Based on our calculation of the maximum of
the functional derivative of T, the optimal critical
temperature for this compound can be increased. The
experimental restriction is probably due to the dif-
ficulty of introducing the correct amount of K into
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the crystal structure, or may be due to a structural
instability.

2) We have shown that the ceramic superconduc-
tor Ba, K, _,BiO; can be analyzed as a normal strong-
coupled superconductor, in which the Cooper pair-
ing is phonon-mediated, since the a?(w)F(w) that
we have used contain only the electron—phonon in-
teraction. However, to make a definite judgement of
the pairing mechanism in this compound, it would
be necessary to make calculations of the quantities
given in the tables I and II on the basis of other pair-
ing mechanisms.
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